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Abstract 



(N 
> 
On 

ly— ^ ■ We use the Hamiltonian framework to study massless QCDi + i, i.e. Yang-Mills gauge theories 

with massless Dirac fermions on a cylinder (= (1+1) dimensional spacetime S 1 x R) and make 
explicite the full, non-perturbative structure of these quantum field theory models. We consider 



Np fermion flavors and gauge group either \J(Nc), SU(TVc) or another Lie subgroup of \J(Nc). 
In this approach, anomalies are traced back to kinematical requirements such as positivity of 
the Hamiltonian, gauge invariance, and the condition that all observables are represented by 
well-defined operators on a Hilbcrt space. We also give equal time commutators of the energy 
momentum tensor and find a gauge-covariant form of the (affine-) Sugawara construction. This 



allows us to represent massless QCDi + i as a gauge theory of Kac-Moody currents and prove its 
equivalence to a gauged Wess-Zumino-Witten model with a dynamical Yang-Mills field. 
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0. Introduction. 

The path integral formalism provides a very convenient starting point for perturbative calcula- 
tions in quantum field theory. Alternatively, an algebraic framework in the spirit of the Hamiltonian 
formalism can be very useful for understanding the non-perturbative structure of interacting quan- 
tum field theories, especially quantum gauge theories. In this letter we wish to illustrate this idea in 
the simple context of (1+1) dimensions. We study massless QCDi+i, i.e. massless Dirac fermions 
on spacetime S 1 x 1R coupled to a Yang-Mills (YM) field [|], ||, and we demonstrate that in 
this case all the mathematical tools and results required to complete such an algebraic approach 
do exist (they have been mostly developed in the context conformal quantum field theory and the 
representation theory of the affine Kac-Moody algebras (= current algebras on S 1 ) and the Virasoro 
algebra (for references close to the spirit of the present paper see [|], [5|, |6[ , for a recent discussion of 
the history of the subject we refer to [0]). Using the latter, we outline of a simple, non-perturbative 
and rigorous construction of these quantum gauge theory models in terms of operators on a Hilbert 
space. 

We restrict ourselves to the massless case for simplicity, mainly because representations of the 
affine Kac-Moody algebras in Fock spaces of fermions with mass m > are more complicated and 
less understood than for m = || . 

In general, we allow for Np fermion flavors and a gauge group H = XJ(Nc), SV(Nc), or another 
Lie subgroup of JJ(Nc)- Put differently, we use fermions transforming in the fundamental repre- 
sentation of the group G = \J(Nq) x U (Np) and gauge the Lie subgroup H of G. To simplify our 
notation, we first concentrate on the special case Np = 1 and H = G = U(Nq), and then discuss 
the modifications required for the general case in Paragraph 7. 

We note that a rigorous construction of 2 dimensional QCD has also been given by Klimek 
and Kondracki ||. In contrast to our approach, they study the model in 2 Euclidean dimensions 
and use methods from constructive field theory (see e.g. Q) which are close in spirit to the path 
integral formalism. We believe that our results here provide an example that Hamiltonian methods 
can provide a powerful alternative to these methods (of course, at the moment the latter are much 
further developed than the former ||). 

1. Preliminaries. To fix our notation and summarize the algebraic structure of the model, 
we first recall the canonical formalism for massless QCDi + i on the semiclassical level (= on the 
unphysical Hilbert space, no filled Dirac sea). 

Let G = V(Nc) be the structure group of the YM-field and T a the generators of the Lie algebra 
g of G in the fundamental representation of U(iVc) obeyingF] 

[T a ,T b ] = iX ab c T c , (T a )* = T a , tr(T a T b ) = r ab (1) 

with (r afe ) an invertible matrix ('metric tensor in color space'). Denoting as (Tab) the inverse 
matrix of (T ab ), we also introduce T a = T ao T b , and for X £ g we write X = X a T a = X a T a where 

■] is the commutator, * and tr( ) the adjoint and the trace of iV x iV-matrices, respectively; repeated indices 
are summed over throughout unless stated otherwise 
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X a = tr(XT a ) = T ab X b etc. Then tr(XY) = X a Y a for X,Y G g. 

With A y = A a v T a the YM-field and ip, $ = ^*7° the fermion fields, the La grangian density for 
massless QCDi + i is 

Cqcd = ~tr (F^F^) - i^YD^ (2) 

with D v ip = (d u + \A u )il), e the coupling constant, d v = d/dx v , x° = t G H time, x 1 = x G A = 
[— L/2,L/2] the spatial coordinate, and = c^A/ — c^,^ + iL4 M , A„] the YM field strength^. 
More explicitly, Y = 7^,, T a = T% B , and V W = V£.A> ^o"' G {1,2} and A, 5 G {l,2,...,iV} 
are spin and color indices, respectively. To be specific, we choose the Dirac matrices as 7 = 
7 1 = ic2, 75 = — 7°7 1 = 03 (cr, the Pauli matrices as usual). 

With the usual canonical procedure [1C] we get the momenta IT^ conjugate to A®, viz^ n°(x) ~ 



and n^(x) = ^z(Foi) a (x), and the following canonical (anti-) commutator relations (C(A)CR)0 

mx),A b u (y)] = W5 b a 5(x-y) 
{^u,A( x )^l',B{y)} = S aa 'S A BS(x-y) (3) 

etc. as usual. Moreover, the resulting Hamiltonian is[] 

Hqcd = H^+Jjxtr (yl^x) 2 + A-L(x)j(x) - A (x)G(x) ) j (4) 
where we introduced the free fermion Hamiltonian 

i4 0) = / dxi/>*(x)Ts(-idi)il>(x), (5) 

J A 

the fermion currents 

p a {x) = i()*(x)T a i(j(x) 

f(x) ee r(xHT^(x) (6) 

and j = j a T a etc., and the Gauss law operators 

G(x) = -D 1 U 1 (x)+p(x) (7) 

where (D u X) a = d v X a + i[A v ,X] a = d v X a - X abc A b u X c . 

The primary constraint 11^ ~ implies the secondary constraint [11^ (x), Hqcd] = —iG a (x) ~ 
(Gauss' law). One also gets [G a (x), Hqqd] = — ^abcA\){x)G c {x) ~ 0, hence there are no tertiary 
constraints. 



2 /x, v £ {0,1} are space-time indices; our metric is = diag(l, — 1), and the anti-symmetric tensor e M " with 
JJi = 1 



2 , 
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3 the symbol '~+ means weak equality (constraint) 
4 {-, •} is the anti-commutator 



we assume periodic boundary conditions for the YM fields 
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From (J2J) we deduce that the vector- and the axial fermion currents, = Tpj^Taip and ( J5 ) a = 
tp^ u %T a ip, obey on the semi-classical level the equations of motion D U J U = D U J£ = 0. 
We also obtain the symmetric and gauge invariant energy-momentum tensor 

W = JLtr (ig^F^Fap - F^ a F u ^j - $ [fjy + 7^] ij) (8) 

which is derived on-shell, i.e. by taking into account the eqs. of motion D^F^ 11 + e 2 J v = and 
^D^tp = 0. We also use light-cone coordinates, i.e. 

J ± (x) = l(p(x)Tj(x)) (9) 

and similarly for O. We write 

L± = T & ±± = -i^*l(l T ^)D 1 ^ = L^+tx(A 1 J ± ) (10a) 
M = le+- = itr(n 2 ) = ^G-+, (10b) 

where again we used the equation of motion for ijj. 

2. Fourier Transformation. In the following we find it convenient to work in Fourier space. 
Having in mind the thermodynamic limit L — ► 00 at the end of our construction, we use the following 
suggestive notation: Fourier space is A* = jjfc = ?fn\n G z}, and for functions / on A* we write 

f A *dkf(k) = J2keA* ^rf(k) so that 6(x — y) = J A * ^k e lk ( x -y) _ Then the appropriate 5-function on 
A* is 5{k -q) = S k}q L/2n = J A <^ e -^ k -i) for k,q G A*. 

For the Fourier transformed operators we use the following conventions (k G A*), 

ft*\k)= I -^L^*\x)e^ x (11a) 

J A V27T 

(to simplify our notation, we use periodic boundary conditions for the fermions; it is trivial to 
modify our eqs. so as to allow for anti-periodic boundary conditions), 

A v (k) = f pA„(x)e- [kx , (lib) 

J A 2-7T 

and in all other cases 

X(k) = f dxX{x)e~ ikx for X = U v ,G,p,j, J u , Jg, and 6. (11c) 
J A 

For convenience of the reader, we write down the non-trivial C(A)CR in Fourier space, 

[n;(k),A b M] = ig^r ab S(k + q) 
{^ A (k),r a , iB (q)} = 5 aa ,6 AB 6(k-q) VMGA*. (12) 

3. Filling the Dirac Sea. Our approach is in the spirit of the algebraic approach to quantum 
field theory |'i ij where the non-trivial aspects of quantum field theory (as compared to quantum 
mechanics) arise due to the existence of unitarily inequivalent representations of quantum field 
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algebras [12[] . The essential physical requirement selecting the appropriate representation is positivity 
of the Hamiltonian on the physical states. The crucial simplification in (1+1) (and not possible in 
higher) dimensions is that one can use a quasi-free representation ||] for the fermion field operators 
corresponding to "filling up the Dirac sea" associated with the free fermion Hamiltonian , and 
for the YM operators one can use the naive Schrodinger representation. At this point, we have to 
take this as an assumption to be checked at the end of the construction. However, this assumption 
is plausible due to the facts that, (i) quasi-free representations for fermion fields in different external 
YM field are unitarily equivalent in (1+1) dimensions |jl3| , (ii) the YM field on a cylinder has only 
a finite number of physical degrees of freedom (namely the eigenvalues of the parallel transporter 
"Pexp(i f A dxAi(x)), see e.g. ||), and as all representations of a finite number of quantum degrees 
of freedom are unitarily equivalent (von Neumann's theorem), the simplest representation for the 
YM field algebra should do. 

We therefore construct a representation of the C(A)CR algebra given above on a Hilbert space 
TL which is a tensor product of a YM and a fermion Hilbert space, Ti = TLym <8> ~Hf, with Hym the 
usual Hilbert space of functionals of A®(k) with fl^(k) = ^id/dA^(—k), and TIf the Fermion Fock 
space with vacuum such that 

5(1 + 75)V>(A0^f = |(1 - 7s)V>*(^F = VA: > 

|(l + 75)^*(A:)O F = |(l-7 5 )Vi(fc)fi F = V£;<0 (13) 

(by abuse of notation, we do not distinguish the quantities introduced on the semi-classical level 
in the last Paragraph from the well-defined operators representing them on TC). It is well-known 
that the presence of the Dirac sea requires normal-ordering : • • • : of the fermion bilinears, hence 
H F °^ = f^dq : q^*{q)^^{q) '■ (which is positive by construction Q), and similarly for J^(k) and 
L^(k), where the tilde indicates normal ordering with respect to the free fermion vacuum Qf. This 



modifies their naive commutator relations following from the CAR (12) as Schwinger terms show 
up [||, ^| (for a mathematical rigorous discussion of this construction of fermion bilinears in the 
presence of a Dirac sea and how normal ordering leads to Schwinger terms, see ||). In our case 

SB, 

J£(Q)] = iKbJtik + q) + kS(k + q)r ab (14a) 

and 

[L${k),Lt(q)] = (k — q)L$(k + q) + ^k (fc 2 - 5(k + q) (14b) 

with the second terms on the r.h.s. of ( |14a| ) and ( |14b| ) the Kac-Moody and Virasoro cocycles, 
respectively Q. Moreover, 

[Lt(k),Jt(q)] = -QJa(k + q) (14c) 

with no Schwinger term arising here. Note that these relations are exactly the ones of the semi- 
direct product of an affine Kac-Moody algebra and the Virasoro algebra playing a prominent role 
in conformal field theory. 
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We can now write the Gauss' law as G a (k) = —(DiUi) a (k) + p a (k) ~ where (DiHi) a (k) 
ik(ILi) a (k) - Xabcj ' A *dqA\(k + q)tll(-q), so eqs. fll4ap imply that 



[G a (k), Jf(q)] = i\ ab c Jf{k + q) T kS(k + q)T ab . 

Thus the presence of the Schwinger terms implies that these fermion currents no longer have the 
classical commutator relations with the Gauss' law generators and therefore do not transform co- 
variantly under gauge transformations. 

To restore gauge covariance and obtain fermion currents having canonical transformation prop- 
erties (without Schwinger terms), we note that [G a (k), (Ai)f,(q)] = —kS(k + q)Tab + iA a 6 C ^(A; + q), 
hence the operators 

J^ik) = J^(k) =F Ai(k) (15) 

obey the desired relations 

[G a (k),j b ± (q)]=i\ ab c J±(k + q). (16) 

Similarly, the naive energy-momentum components L^{k) = L^{k) + f A »dqtv (Ai(k + q)J ± (—q)^j 
are not gauge invariant, [G a (k), L (q)] = ^kAf(k + q), but obviously there are unique polynomials 
in Ai which can be added to make them gauge invariant, 

L±(k) = L$(k) + J dqtx (A x (k + q) J+i-q) T ^(k + q)A 1 (-q)) . (17) 

Recalling that normal ordering is only unique up to finite terms, it is natural to regard the J^(k) 
and L^(k) as the currents and energy-momentum components obtained by a gauge covariant normal 
ordering preserving the transformation properties under gauge transformations. 

To construct the full energy momentum tensor — especially the Hamiltonian — we also need 
the operators 

M{k) = J ^i-tr(ni(fc + g)ni(-g)). (15) 

At this point a technical difficulty arises: the operators L^(k) and M(k) do not have a common, 
dense invariant domain of definition in TC (we recall that the sum of two unbounded Hilbert space 
operators can be defined directly only if these operators have such a domain). It is, however, possible 
to define the operators :L^(k) ± e 2 M{k): ■ - and therefore the components Q 00 (k) and G 01 (fc) of 
the energy momentum tensor — by normal ordering :• • •: the YM field operators with respect to 
the YM vacuum Qym obeying 

iHi(A:) + A 1 (k])n Y M = VA;GA*. (16) 



/4vr 

Note that J^ym is just the ground state of the free YM Hamiltonian 

e 2 

dk tr [ - 

A 



h ym = ''J A / ktT (i^i(fc)ni(-fc) +A 1 (k)A 1 (-k) ji . (17) 
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Especially, we get the gauge invariant Hamiltonian Hqqd = S 00 (0) — G(Aq), or equivalently 

Hqcd = 4 0) + h ym + J A / ktr (Mk)K~k) - A (k)G(-k)) . (18) 

We see that, similarly as in the Schwinger model fl4|| , there is an additional 'gluon mass term' 
resulting from gauge invariant normal ordering. 

4. Observable Algebra Relations. For the covariant currents we get the following commu- 
tators, 

[Jt(k)Jt(Q)} =iK b C Jt(k + q)TS ab (k,q) (19) 

with the Schwinger term 

S ab (k, q) = k8{k + q)T ab - iXabcAUk + q). (20) 

It is natural to regard the latter as the gauge covariant form of the Kac-Moody cocycle, and we can 
represent it in explicitly covariant form as S ab (k,q) = — [n°(/c), {DiAo) b (q)\. 
Moreover, we get 

[L^k), L±(g)] = {k- q)L±(k + q) T ^k (k 2 - (^J) S(k + q) (21) 

and 

[L±(k), Jt(q)} = -qJ?(k + q)~ [A^J±] a (k + q). (22) 

Remark: For some readers it might appear that there is a contradiction between the existence 
of Virasoro and current algebras and the model not being conformally invariant. However, as 
the Hamiltonian of the model is not equal to — L + (0) + L _ (0), these algebras do not correspond 
to symmetries of the model which could be used to answer dynamical questions, but they only 
provide interesting (non-conserved!) observables. It might be useful to recall an analogous situation 
in quantum mechanics: the harmonic oscillator operators a and a* obeying [a, a*] = 1 exist for 
every QM model, but only for the harmonic oscillator with the Hamiltonian tx a*a their algebraic 
properties become powerful for answering dynamical questions. 

5. Equations of Motion. Using ( |i~8| ) and the algebraic relations above it is straightfor- 
ward to work out the equations of motion for all observables of the model. For example, we 
obtain [Hqpo, ^{k)) = Ti(A^ ± )(A:) + [A^J±](k) ± i^n(*). Using + {[Hqod,^] = 0, 
and transforming to position space, we can write this as DqJ db DiJ^ = ±^-IIi. Noting that 
III = -n 1 = -^je^F^ and J° = J+ + J~ = -Jg 1 , J 1 = -J+ + J~ = -J 5 °, this can be written 
as 

D V J V = (23a) 
D V J% = ^-e^F^. (23b) 

The second of these eqs. shows a covariant axial anomaly. 
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Evaluating doIli(k) + i[-ffQCD)IIi] = we obtain -D0II1 — j = 0. Together with the Gauss' law 
— which we can write as -D1II1 — p ~ — this comprises the usual equations of motion of the YM 
field 

D fl F^ + e 2 J v ^0 (24) 

identical to those obtained on the semi-classical level. Using this and eq. ( |23b| ) rewritten as D$j — 
D\p = ——IIi, we obtain DqIIi — DfHi ~ — — IIi, or equivalently 

e 2 

D U D U U 1 + —IIi ^ (25) 

7T 



generalizing the Klein-Gordon equation one has in the Abelian case [14]. Equations (|23b|) and (25) 



have also been obtained by by Sorensen and Thomas [15] in a path integral approach. 

6. Bosonization. The celebrated (affine-) Sugawara construction allows to write the free 
Virasoro generators Lq in terms of the Kac-Moody currents J^, 

L±(k)=T\ j h £tr + g)J ± (-g)) £ (26) 



(see e.g. @; for k = 0, ±2ir/L this was already given in |l6]] ) with normal ordering xJ^(k)J^{q)x = 
J^(q)Jt(k) for k < q and J^(k)J^(q) otherwise @ (note that J+(-k)n F = J~(k)n F = V/c> 0). 
Combining this with eqs. (|17]) and (|l^), we observe that the terms involving A\ can be arranged 
such that 

L ± (k)=T\] dq itT^ik + q)^^)) x (27) 

Thus the Virasoro generators L^(k) are obtained simply by replacing the non-covariant currents 
on the r.h.s. of eq. (26) by the covariant ones! It is natural to regard this as the gauge covariant 
version of the Sugawara construction. 

Especially, we get the Hamiltonian of the model in the following form 

Hqcd = ^ j A / ktl ^ (j + (k)J + (-k) + J-{k)j-{-k)) i+^-Ili(k)ili(-k) - A (k)G(-k)\ i . 

(28) 

It is now manifestly positive definite on the physical Hilbert space where G(k) ~ (note that 
J ± (— k) = J =t (A;)*) thus justifying our choice of representation of the field algebra. 

It is easy to see that this Hamiltonian is identical with the one obtained from a gauged Wess- 
Zumino-Witten model with dynamical gauge fieldf] (see e.g. [[P?]]) and a gauge group U(iVc) equal the 
flavor group and coupling constant g = e/y/ir (to make this explicit, one has to rescale y/TtA v (x) — > 
A y {x)). This equivalence has been known from the path integral approach [18, |H| (see also p0| ). 



7. General Case. Our present approach can be immediately generalized to the case with 
a gauge group H being a Lie subgroup of XJ(Nc) and Np fermion flavors. In this case, we have 
6 i.e. the Lagrangian has a term — j^-tr (F liV F ,iV ) in addition to what is usually referred to as gauged WZW model 
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fermions transforming under the fundamental representation of G = U(iVo) x JJ(Nf) with the 
gauge group H a subgroup of G. Labeling the generators of the Lie algebra of G such that T a for 
1 < a < dim(H) span the Lie algebra of H and ti(T a T b ) = for a < dim(H),b > dim(H), we 
have A\ = X)a=l ^i^a and similarly for F^ u , G. With that all equations and the discussion from 
Paragraphs 1-4 essentially remain the same. 

For the bosonization, it is most convenient to use the G/H coset construction 

L± = (L±) G = (Z±) H + (L$) G/H (29) 

which implies a similar equation for = L G . Then obviously Hqj h = (L^)q/h, i.e. the coset 
Virasoro generators are completely decoupled from the gauge field, and the discussion of gauge 
covariant normal ordering etc. above applies to L H only. 

Especially the Hamiltonian of the model is Hqcd = Hh + H G j H where H G / H = (H^) G ^ H 
is completely decoupled from all YM fields, commutes with Hh, and is identical to the one one 
gets in the free fermion case The non-trivial interactions of the fermions with the YM field are 
completely contained in Hh- Thus we can write 7i = TCh <8> H g /h with all non-trivial dynamics 



occurring on Tin, and TC g /h provides the superselection sectors of the model (cf. also [18]). 

8. Technicalities. To complete the construction of massless QCDi + i and make it mathemat- 
ically rigorous, one has to establish several technical properties. Firstly (as most of the operators 
of the model are unbounded), one has to prove that there is a common, dense, invariant domain 
PcW for all operators of interest so that the commutator relations given above are well-defined on 
D. In fact, this can be proven for the Hamiltonian Hqqd and all other operators considered above 
except the energy momentum components @ n (k) (see also the discussion in Paragraph 3; taking 
also the latter into account makes things slightly more complicated 24]). 



Secondly, one has to prove that all observables of the model, especially the Hamiltonian and 
the (smeared) Gauss law generators, are represented not only by symmetric but in fact self-adjoint 



operators on 7i [21, 22 1. Finally, one would like to establish that the thermodynamic limit L —* oo 
is well-defined and leads to a relativisticly invariant theory. The proof of these results can be done 
by using techniques developed in [||, |2^] in combination with results summarized in 2J] and will 
appear elsewhere 

9. Final Comments. Recently an interesting reformulation of QCD on spacetime RxR 
in terms of a gauge invariant, bilocal master field was given and used as a starting point for a 



systematic semi-classical approximation ]26|] (see also [27]). It would be interesting understand this 
reformulation in our framework (technically this is more complicated due to the presence of the 
physical YM degrees of freedom on spacetime S 1 x M). Alternatively one can eliminate the gauge 
degrees of freedom by 'solving the Gauss' law' |28|]. For massless QCDi + i this results in a theory 
of interacting Kac-Moody currents coupled to a finite number of quantum mechanical degrees 
of freedom, the latter representing the physical YM degrees of freedom || . From a mathematical 
point of view this gauge fixing procedure is quite delicate, and it would be important to get a deeper 



understanding, e.g. in the general framework of [29|. Work in this direction is in progress [24]. 
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There are several deep reasons preventing a straightforward extension of our construction to 
higher dimensions. Most importantly, a YM field there has also an infinite number of physi- 
cal degrees of freedom, and choosing the appropriate representation of the YM field algebra is 
a highly non-trivial problem, even for pure YM theory. Moreover, in higher dimensions the physical 
representations for fermions interacting with different external, static YM-fields are not unitarily 
equivalent and gauge transformations cannot be implemented by unitary operators in the fermion 



sector but only by sesquilinear forms [30, 31]. This suggests that the observable algebra of QCD in 
higher dimensions at fixed, sharp time does not allow for a reasonable Hilbert space representation, 
hence a standard Hamiltonian formalism might be too narrow a framework for higher dimensional 
quantum gauge theories. There is, however, a natural generalization of the theory of the affine 
Kac-Moody algebras to (3+1) dimensions |?0], |3l| which can be expected to provide a first step to 
a non-perturbative understanding of the fermion sector of QCD3 + i. 
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